Abstract-Recently, the theory of effective rate has attracted much attention, since it can take the delay aspect into account when performing channel capacity analysis. Weibull fading model is a flexible and practical model for describing fading channels in both indoor and outdoor environments. This letter derives the exact analytical expressions of effective rate over independent but not necessarily identical Weibull fading channels, which can be used in the system analysis in real-time communication scenarios. In addition, the closed-form asymptotic expressions under high signal-to-noise ratio (SNR) and low-SNR regimes are derived to provide useful insights into the effects of system and fading parameters on the effective rate.
I. INTRODUCTION

M
ANY emerging applications are real-time applications, for example the voice over IP and smart grid applications [1] . Not only the throughput, but also the delay performance should be considered as one of the quality of service (QoS) metrics. However, traditional ergodic capacity cannot account for the delay aspect, because the delay performance would vary with time due to channels' temporal fading feature. In order to address this issue, the effective rate (or effective capacity) theory [2] was proposed, which enabled the channel capacity analysis over various fading channels. The analysis over single or independent and identical (i.i.d) fading channels was then extensively studied [3] , [4] . In [5] , a general probability density function (PDF) based framework was proposed that analysed effective rate over multiple inputs single output (MISO) fading channels, including Nakagami-m, Rician and generalized-K fading channels. In [6] , Zhang et al. considered the effective rate over i.i.d MISO η−μ fading channels, including Nakagami-m and Rayleigh fading models as special cases. However, in practical communication systems, the fading parameters associated to different channels may not be identical, e.g., in the distributed antenna system (DAS) where the antennas are separated in space. We refer to these Manuscript received January 20, 2016; accepted April 18, 2016 channels as independent but not necessarily identical (i.n.i.d) fading channels. To the authors' best knowledge, the effective rate over i.n.i.d fading channels has been insufficiently studied, only i.n.i.d κ−μ fading channels were considered in [7] . The performance analysis over fading channels plays an important role in the research of communication systems. IEEE Vehicular Technology Society Committee on Radio Propagation has recommended Nakagami-m and Weibull models for theoretical studies of fading channels [8] . Measurements show that distributions of the small scale fading in many scenarios follow Weibull distributions, such as in fixed-to-walk and mobile-to-mobile channels [9] . The ergodic capacity performance of multiple-input and multiple-output (MIMO) systems over low signal-to-noise ratio (SNR) Weibull fading channels was studied in [10] . To date, the effective rate over i.n.i.d Weibull fading channels has not been studied yet.
This letter derives exact analytical expressions of effective rate over MISO i.n.i.d Weibull fading channels. Closed-form approximations in high-SNR and low-SNR regimes are presented for the purpose of reducing computational complexity. Simulations are also presented to validate these results. This letter complements the results of [6] , since Weibull fading model is not included in the η−μ fading model. Different from [10] , this letter performs the analysis based on the effective rate, which can account for the delay aspect. Moreover, besides exact effective rate analysis, both high-SNR and low-SNR analyses are performed.
II. SYSTEM MODEL
Consider a MISO channel model with N transmit antennas separated in space and only one receive antenna. The channels between different transmit and receive antennas are assumed to be flat-fading and i.n.i.d channels. The channel's input-output relation can be given by r = hx+n 0 , where h ∈ C 1×N denotes the MISO channel vector, x is the transmit signal vector, and n 0 represents the complex additive white Gaussian noise with zero mean and variance N 0 . In addition, uniform transmission power allocation across the antennas is assumed.
A. Effective Rate
Effective rate is the maximum rate that a fading channel can support under statistical QoS requirement described by the QoS exponent θ . The effective rate can be written as [5] where C represents the system's throughput in a single time block, and T denotes the duration of a time block. E{·} is the expectation operator. The QoS exponent θ is given by
where L is the equilibrium queue-length of the buffer at the transmitter, and Pr{L > x} is the probability of the event L > x. The QoS exponent θ has to satisfy the constraint θ ≥ θ 0 , where θ 0 is the minimum required QoS exponent; if θ < θ 0 , the delay performance requirement cannot be met. The value of θ 0 is determined by the QoS requirement of the transmission, such as the delay allowance and the throughput. Larger value of θ 0 corresponds to a more strict delay constraint. When θ 0 → 0, the effective rate approaches ergodic channel rate. Suppose that the transmitter sends uncorrelated circularly symmetric zero-mean complex Gaussian signals, then the effective rate can be written as [5] 
where A = θ TB/ ln 2 with B denoting the bandwidth of the system, and ρ is the average SNR. The symbol (·) † represents the Hermitian transpose. Using the moment generating function (MGF) defined by M Y (s) = E e −sy , the effective rate can be given by [11] 
B. The Weibull Fading Model
Weibull fading can characterize the effect of clusters of multipath waves propagating in non-homogeneous environment. Assume that |h n | are i.n.i.d Weibull random variables (RVs) and denote Y n = |h n | 2 . Then Y n is also distributed as a Weibull random variable. For a single Weibull fading channel, the PDF of Y n is given by [9] 
where the shape parameter β n characterizes the severity of fading, and the scale parameter ω n characterizes the average power of the fading. As the severity of fading increases, the value of β n decreases.
III. EFFECTIVE RATE ANALYSIS
A. Exact Expressions
where 
where U(·) is Tricomi hypergeometric function[13, eq. (13.2.5)], a l and are given in (7) and (8), respectively. Proof: Substituting (6) into (4) and swapping the order of integration and summation using Fubini's theorem, (9) can be obtained using the identity Because the series {a l } converges as proved in [12] , the convergence of (9) follows using the Abel's criterion. Note that Tricomi U function is a build-in function in numerical software such as Matlab and Maple, which means (9) can be conveniently evaluated. As highlighted in [12] and [14] , small l (e.g., l ≤ 50) shows a good approximation to the exact value.
Corollary 1: For i.i.d Rayleigh situations, if let β n =1, ω n =ω, the effective rate expression (9) can be simplified to
Proof: Substituting β n =1, ω n =ω to (9) and using binomial coefficient identities [13, eq. (26.3.3-4)], (10) follows.
Note that this result coincides with [15, eq. (11)], which implies the accuracy of (9) in Theorem 1.
B. Approximation Analysis
This part will derive closed-form approximations of the effective rate in both high-SNR and low-SNR regimes. These approximations reduce the computational complexity and provide a straightforward way to understand the parameters' impact on the system performance.
It is assumed that the joint PDF f Y (y) can be parameterized as a polynomial around the origin. Note that this assumption can be readily applied to any fading distributions with known MGF [16] . Specifically, f Y (y) and M Y (s) satisfy the asymptotic parametrization assumption as follows [16] 
where p = q/ (d) and t = d − 1. The parameters q, d, p and t can be obtained via the MGF of the sum of MISO i.n.i.d Weibull RVs, which leads to the following theorem.
Theorem 2: For MISO i.n.i.d Weibull fading channels in high-SNR regimes, the effective rate can be approximated by Proof: Using the definition of expectation, the integral in (3) can be truncated by Q = N−1 n=0 ω n , which captures the major part of the PDF of the sum of Weibull random variables [12] . Then the truncation error for the integration can be given by (12) can be obtained.
Note that the hypergeometric function 2 F 1 (·) is also a buildin function in numerical software such as Matlab and Maple. It is much easier to evaluate the closed-form (12) compared to (9) . It can be seen that the effective rate in high-SNR regime is mainly related to the averaged shape parameter and scale parameter, which means the impact of fading on the communication system has been averaged.
In many communication networks, such as cellular networks, systems often operate in low-SNR situations [18] . Hence it is beneficial to derive an approximation of (9) in the low-SNR regime. Note that in the low-SNR regime, analysis based on SNR would lead to misleading conclusions as explained in [18] . The capacity analysis should be better conducted using the transmitted normalized energy per information bit E b /N 0 rather than the average SNR ρ. Following the same method in [10] and [19] , the effective rate in the low-SNR regime can be approximated by
where S 0 denotes the capacity slope in bits/s/Hz/(3dB) and E b /N 0min is the minimum energy per information bit required to reliably convey any positive rate, which are given by [18] 
where R (0, θ) and R (0, θ) denote the first and second order partial derivatives with respect to ρ evaluated at ρ=0. Theorem 3: The effective rate over MISO i.n.i.d Weibull fading channels in low-SNR regimes can be approximated by (13) , with the metrics given by
Proof: When ρ → 0, the Tricomi function has the Poincare-Type expansion as (14), both (15) and (16) can be obtained.
Note that the capacity slope S 0 has a reverse relationship with the parameter A = θ TB/ln2. Hence with the same increase of E b /N 0 , the transmission with more relaxed QoS requirement will have a higher upper bound of the supported rate. It can be inferred that, the increase of the bandwidth or the QoS requirement will result in a lower effective rate, if the same fading channel conditions and E b /N 0 are assumed. Note that E b /N 0min , S 0 and (13) are all in the closed-form, which means the low-SNR approximation (13) is easier to compute compared to (9) .
IV. NUMERICAL RESULTS
In this section, numerical simulations are presented to verify the proposed effective rate analysis in Section III. Channel fading parameters are assumed and listed in Table I [12] . Without loss of generality, the bandwidth B=1 and the duration of a time block T=1 are assumed [7] .
As the QoS exponent θ increases, the delay constraints become more stringent, which is corresponding to the increase of A. It is illustrated in Fig. 1 that analytical results agree with the simulation results. Also under the same channel fading conditions, the overall effective rate decreases as the delay constraints increase.
High-SNR approximation results and simulation results are compared in Fig. 2 , where A = 2 is assumed. It can be seen that the high-SNR approximation results agree with the simulation results in different i.n.i.d scenarios. When the average SNR ρ is relatively high, e.g., above 10 dB, the high-SNR approximation results fit well with the simulation results. As ρ → ∞, in theory the high-SNR approximation will approach the exact simulation results, and accordingly the approximation error will approximate 0. But the convergence speed may vary with different system parameters and channel conditions, such as the QoS exponent and fading severity.
In low-SNR regimes, it is shown in Fig. 3 that the proposed low-SNR approximation results agree with the simulation results in different i.n.i.d scenarios, where A = 1 is assumed. From both Fig. 2 and Fig. 3 , it can be inferred that with the increase of the antenna numbers N, the effective rate of the system also increases. As the shape parameter β n describes the fading severity of the channel, the channels with larger fading severity contribute less to the total effective rate under the same QoS requirements. It is noteworthy that the simulated channel follows Rayleigh fading in the case of N = 1, and this simulation results coincide with the results of [7] .
V. CONCLUSION
In this letter, new analytical expressions for the effective rate over i.n.i.d Weibull fading channels were derived. Closed-form approximations in high-SNR and low-SNR situations were also given for reducing computational complexity. The convergence of these proposed expressions was studied. Numerical results verified these analyses and approximations. It was found that tighter QoS requirement resulted in lower effective rate. The channel with larger fading severity contributed less to the overall effective rate. These results extended and complemented previous work on the effective rate analysis over different fading channels.
